Static limit and Penrose effect in rotating reference frames by Grib, A. A. & Pavlov, Yu. V.
ar
X
iv
:1
91
1.
12
03
4v
1 
 [g
r-q
c] 
 27
 N
ov
 20
19
1
Static limit and Penrose effect in
rotating reference frames
A. A. Grib∗ and Yu. V. Pavlov†
We show that effects similar to those for a rotating black hole arise for an observer
using a uniformly rotating reference frame in a flat space-time: a surface appears such
that no body can be stationary beyond this surface, while the particle energy can
be either zero or negative. Beyond this surface, which is similar to the static limit
for a rotating black hole, an effect similar to the Penrose effect is possible. We
consider the example where one of the fragments of a particle that has decayed into
two particles beyond the static limit flies into the rotating reference frame inside the
static limit and has an energy greater than the original particle energy. We obtain
constraints on the relative velocity of the decay products during the Penrose process
in the rotating reference frame. We consider the problem of defining energy in a
noninertial reference frame. For a uniformly rotating reference frame, we consider
the states of particles with minimum energy and show the relation of this quantity
to the radiation frequency shift of the rotating body due to the transverse Doppler
effect.
Keywords: rotating reference frame, negative-energy particle, Penrose effect
1. Introduction
The study of relativistic effects related to rotation began immediately after the theory
of relativity appeared [1], and such effects are still actively discussed in the literature [2].
The importance of studying such effects is obvious in relation to the Earth’s rotation. In [3],
we compared the properties of particles in rotating reference frames in a flat space with
the properties of particles in the metric of a rotating black hole. We showed that similarly
to the metric of the Kerr black hole, there is a surface (static limit) in a uniformly rotating
reference frame in a flat space, beyond which no body can be in the rest state and particle
states with negative energy are possible, as in the black hole ergosphere [4]. The spatial
infinity of a rotating reference frame plays the role of the event horizon in a rotating black
hole.
The existence of a region where the particle energy can be negative poses a problem of
the possible existence of an effect analogous to one proposed by Penrose for rotating black
holes where one of the fragments in particle decay in the ergosphere can have an energy
greater than the original particle energy [5]. The Penrose effect allows extracting energy
from a rotating black hole.
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2At first glance, the occurrence of the Penrose effect in a rotating reference frame would
lead to an impossible process where the energy of one of the fragments in decay in a
flat space-time is greater than the original decaying particle energy. This is obviously
impossible if we mean the energy defined and measured in the inertial reference frame in
the Minkowski space-time. But the definition of energy depends on the chosen reference
frame, on the choice of the appropriate Killing vector. Here, we show that the standard
definitions of energy in the case of a uniformly rotating reference frame leads to the same
expression for the energy of a freely moving particle and that an effect similar to the
Penrose effect in black holes can be realized for the energy thus defined.
The fact that the other definition of the energy in a noninertial reference frame leads
to new physics is known in connection with the Unruh effect [6]. Of course, particle decay
interpreted as the Penrose effect in rotating coordinates is the usual decay in an inertial
reference frame without any negative or zero energy. Nevertheless, not just any usual decay
can be treated as the Penrose effect. We obtain inequalities for the relative velocity of the
fragments that must be satisfied for such an interpretation, showing that the process must
be relativistic at least near the static limit.
2. Rotating reference frames
The interval in the Minkowski space written in cylindrical coordinates r′, ϕ′, z′ is
ds2 = c2dt2 − dr′ 2 − r′ 2dϕ′ 2 − dz′ 2 (1)
We let r, ϕ, z denote the rotating cylindrical coordinates and assume that the rotation
axis coincides with the coordinate axes z and z′:
r′ = r, z′ = z, ϕ′ = ϕ− Ωt, (2)
where Ω ≥ 0 is the angular rotation velocity. Substituting (2) in (1) yields expressions for
the interval and for the metric tensor in the rotating reference frame:
ds2 = (c2 − Ω2r2) dt2 + 2Ωr2dϕ dt− dr2 − r2dϕ2 − dz2, (3)
(gik) =


1−
Ω2r2
c2
0
Ωr2
c
0
0 −1 0 0
Ωr2
c
0 −r2 0
0 0 0 −1


,
(
gik
)
=


1 0
Ω
c
0
0 −1 0 0
Ω
c
0
Ω2
c2
−
1
r2
0
0 0 0 −1


,
i, k = 0, 1, 2, 3.
It was claimed in the well-known textbook [7] that “the rotating system of reference
can be used only out to distance equal to c/Ω. In fact, from (3) we see that for r > c/Ω,
g00 becomes negative, which is not admissible. The inapplicability of the rotating reference
system at large distances is related to the fact that there the velocity would become greater
than the velocity of light, and therefore such a system cannot be made up from real bodies.”
3It was also noted in [8] that passing to a uniformly rotating reference frame is possible
only for distances from the rotation axis not exceeding c/Ω. But the equivalence of inertial
and rotating reference frames was discussed in [9, 10, 11].
We note that det(gik) = −r
2 and metric (3) is therefore nondegenerate for r > 0,
although g00 = 0 at r = c/Ω. The Earth’s angular rotation velocity is equal to
Ω⊕ ≈ 7.29 · 10
−5 s−1 (because the rotation period of the Earth relative to fixed stars, the
sidereal day, is 23 h 56 min 4 s [12]) and the corresponding distance where g00 = 0 is
c/Ω⊕ = 4.11 · 10
9 km; this distance is less then the Neptune orbit r ≈ 4.5 · 109 km, but
greater than the Uranus orbit r ≈ 2.9 · 109 km (see [12]).
Obviously, the reference frame related to the rotating Earth is used practically in any
laboratory, and astronomers used it not only over distances less then the Neptune orbit
but also to much larger intergalactic scales up to the boundary of the observed Universe.
Because body motion with the velocity exceeding the speed of light is impossible, the
rotating reference frame at distances from the rotation axis greater than r = c/Ω cannot
be realized by solid bodies. Nevertheless, the general covariance of general relativity theory
allows using of a rotating reference frame over all distances.
Moreover, the analogy with the situation inside the ergosphere of a rotating black hole
shows that despite the negative sign of g00, the square of the interval for causally related
points turns out to be greater than zero, which is related to the presence of the nondiagonal
term g0ϕdϕdt. There is no real motion with a velocity exceeding the speed of light, which
is analogous to the known “rotating spotlight” paradox.
The surface r = c/Ω plays the role of the static limit for a rotating black hole in the
Boyer-Lindquist coordinates [13]. It was shown in [3] that the particle energy relative to
the rotating reference frame can have negative values in the region r > c/Ω. Below, we
consider this phenomenon in detail and study the possibility for observing the Penrose
effect during decay of a particle in the region r > c/Ω into two fragments, the energy of
one of which is negative.
3. Energy of a point particle in a space–time of general form
The geodesic equations for a particle moving in a space-time with the interval ds2 =
gikdx
idxk can be obtained from the Lagrangian [14]
L =
gik
2
dxi
dλ
dxk
dλ
,
where λ is the affine parameter on the geodesic. For a timelike geodesic, λ = τ/m, where
τ is the proper time of a moving particle of mass m. The generalized momentum can be
defined as
pi
def
=
∂L
∂x˙i
= gik
dxk
dλ
,
where x˙i = dxi/dλ. If the metric is stationary (its components are independent of the
time t), then the zeroth covariant component of the momentum p0 is conserved by virtue
of the Euler-Lagrange equation. The quantity p0 for a massive particle equals the particle
4energy divided by the speed of light E/c:
E = p0c = mc g0k
dxk
dτ
. (4)
Using the Killing vectors results in the same expression for the energy. If ζ is some Killing
vector, then the quantity
E(ζ) = mc2
dxi
ds
gikζ
k = mc2 (u, ζ) = c(p, ζ) (5)
is conserved along the geodesic (see problem 10.10 in [15]). Here ui = dxi/ds is the
4-velocity, and, pi = mcdxi/ds is the particle 4-momentum. The value of quantity (5)
obviously depends on the particular choice of the vector ζ . If the metric is time-independent
and we choose ζ = (1, 0, 0, 0), i.e., the Killing vector of a time-coordinate translation, then
the value of E(ζ) corresponds to the energy calculated by formula (4).
In Cartesian coordinates of Minkowski space, the energy-momentum vector of a free
particle is
p′ i =
(
E ′
c
, p′
)
, p′i =
(
E ′
c
, −p′
)
,
where p′ is the usual 3-momentum (see [7], § 9). In cylindrical coordinates,
p′ i = m
dx′ i
dτ
=
(
E ′
c
, p′ r, p′ϕ, p′z
)
, p′i =
(
E ′
c
, −p′ r, −L′z , −p
′z
)
, (6)
where
L′z = r
2p′ϕ = mr2
dϕ′
dτ
=
E ′
c2
r2
dϕ′
dt
is the projection of the angular momentum on the z axis. Because the components of the
metric in cylindrical coordinates are independent of ϕ, the covariant component −L′z of
the momentum is conserved. We note that the contravariant component p′ϕ is obviously
not conserved.
We can obtain the energy-momentum vector in the rotating reference frame by trans-
forming (6) to the rotating coordinates:
pi =
∂xi
∂x′ k
p′k =
(
E ′
c
, p′ r, p′ϕ + Ω
E ′
c2
, p′z
)
, pi =
(
E ′ + ΩL′z
c
, −p′ r, −L′z , −p
′z
)
.
Therefore, the energy and projection of the angular momentum (see equality (4)) in a
uniformly rotating reference frame are
E = E ′ + ΩL′z , Lz = L
′
z. (7)
As can be seen from (7) the energy in the rotating reference frame differs from the energy
in the nonrotating reference frame and can even be negative!
We here note that the obtained relativistic formula (7) coincides with the nonrelativistic
expression in [16]. We show that expression for the energy in (7) in the nonrelativistic case
5can be obtained using the standard definition of work as a scalar product force times
translation. In a uniformly rotating reference frame with the angular velocity Ω
m
dv
dt
= −
∂U
∂r
+ 2m [v,Ω] +m [Ω, [v,Ω]] , (8)
where U is the potential energy of the particle (see formula (39.9) in [16]). Defining force
as mass times acceleration, multiplying expression (8) by dr, and transforming the double
vector product in the last term using the Lagrange formula, we obtain the formula for
elementary work:
d
(
mv2
2
)
= −
∂U
∂r
dr+ d
(m
2
[r,Ω]2
)
.
Therefore, the energy in the rotating reference frame is
E =
mv2
2
+ U −
m
2
[r,Ω]2 . (9)
In the nonrelativistic case, the particle velocity in the nonrotating reference frame is
v0 = v + [Ω, r] . (10)
Substituting (10) in (9) and taking the nonrelativistic expression L = m [r,v] for the
angular momentum into account, we obtain the equality
E =
mv20
2
−Ω · L+ U.
for the energy in the rotating reference frame. For a free particle, setting U = 0 and
choosing the rotation direction according to formula (2), i.e. Ω = (0, 0,−Ω), we again
obtain expression (7) for the energy:
E =
mv20
2
+ ΩLz .
Hence, the change in the particle energy measured as force times translation in the non-
relativistic case results in the same formula (7).
Obviously, the new value of particle energy (7) obtained in different ways does not coin-
cide with the energy value E ′ measured in the same flat space-time but in the nonrotating
reference frame. At first glance, this contradicts the invariance of energy expression (5)
under coordinate transformations. This apparent contradiction is resolved if in defining the
energy in some reference frame, we use the Killing vector (1, 0, 0, 0) corresponding to time
translations in that reference frame. Passing to another reference frame, we use another
Killing vector to define the energy. Therefore, if the Killing vector in the rotating reference
frame is ζ = (1, 0, 0, 0), then it has the form ζ = (1, 0,−Ω, 0) in the nonrotating reference
frame. Conversely, the Killing vector describing time translations in a nonrotating refer-
ence frame has the coordinates ζ ′ = (1, 0, 0, 0) in that frame. In passing to the rotating
frame, its coordinates are ζ ′ = (1, 0,Ω, 0). The vector ζ can be represented as a sum of the
different Killing vectors of the flat space-time.
6We note that in quantum field theory in a rotating reference frame, an expression for
the energy operator of the field quanta similar to (7) appears. Hence, Eq. (3) in [17] for
the statistical operator includes the expression H − LΩ (where H is the Hamiltonian) as
an energy operator in the rotating reference frame, and this expression corresponds to (7).
An expression similar to (7) was used in [18, 19] to define the positive frequency modes in
a rotating reference frame (formula (13) in [18] and formula (2.4) in [19]).
The equations of motion for free particles in a rotating reference frame are
c2
dt
dλ
= E − ΩLz ,
dz
dλ
= pz = const, (11)
r2
dϕ
dλ
=
(
1−
Ω2r2
c2
)
Lz +
Ωr2
c2
E, (12)
c2
(
dr
dλ
)2
= Rf , Rf = (E − ΩLz)
2 −m2c4 − (pzc)
2 −
L2zc
2
r2
. (13)
For fixed values of |pz| and r = rA inside the static limit, the possible values of the
energy E(ζ) satisfy the inequality
E(ζ) ≥
√
m2c4 + (pzc)2
√
1−
Ω2r2A
c2
.
The minimum of E(ζ) is realized for particles with
Lz = −
Ωr2A
c2
E ′, E ′ =
√√√√√m2c4 + (pzc)2
1−
Ω2r2A
c2
.
For such particles,
dϕ
dt
= Ω
(
1−
r2A
r2
)
.
The trajectory equation for such particles projected on the plane XOY can be found from
formulas (12) and (13):
ϕ− ϕA = ±
(√
r2
r2A
− 1− arccos
(rA
r
))
.
The trajectory of such a particle for rA = c/(2Ω) and ϕA = 0, is shown in Fig. 1. In
the stationary reference frame, these particles move with the velocity projection on the
plane XOY equal to rAΩ in the direction of rotation of the movable frame with the target
distance rA from the z axis.
We note that the expression
E(ζ)
mc2
=
√
1−
Ω2r2A
c2
.
7Figure 1: The trajectory of a free particle with the minimum possible energy at the point
A = (c/2Ω, 0) in the rotating reference frame (r, ϕ), at the left, and in the stationary
reference frame (r, ϕ′), at the right.
for the minimum energy with pz = 0 corresponds to the value of the radiation frequency
shift
ν
ν0
=
√
1−
Ω2r2A
c2
,
under the transverse Doppler effect [7] for a body rotating with the angular velocity Ω at
the distance rA from the rotation axis, which was experimentally confirmed in [20].
For the Killing vector of translation along the coordinate x0 = ct, we have the equality
(ζ, ζ) = 1−
Ω2r2
c2
.
Therefore, ζ becomes spacelike beyond the static limit, and the particle energy E(ζ) beyond
the static limit in the rotating reference frame can take negative values with an absolute
value as large as needed (see problem 10.15 in [15]). This case is analogous to the case of
a rotating black hole, in whose ergosphere the Killing vector of t-translation is spacelike
and the “energy at infinity” corresponding to this vector can be negative.
For a fixed value of pz, we obtain the necessary condition for a negative particle energy
in a rotating reference frame beyond the static limit from expressions (11) and (13) and
dt/dλ > 0:
Lz < −
√
p2zc
2 +m2c4
Ω2 − (c/r)2
, r > c/Ω. (14)
If a particle with negative energy is at a distance r from the origin, then its velocity in the
stationary reference frame v, as follows from (14), satisfies the inequality
E < 0, r >
c
Ω
⇒
v
c
>
c
rΩ
. (15)
States with zero energy are also possible beyond the static limit. Their properties were
considered in detail in [3].
4. Penrose effect in rotating reference frames
The existence of states with negative energy in the ergosphere of a rotating black
8hole allowed Penrose [5] to propose a process of energy extraction from a black hole that
now bears his name. If a particle in the ergosphere decays into two particles with one
having negative energy, then the energy of the other particle is greater than the energy of
the decaying particle. If the second particle goes to spatial infinity, then energy is thus
extracted from the black hole. We note that the energy in this process means the energy
related to the time translation in the reference frame reducible to the flat frame not rotating
at the spatial infinity. We call this energy “the energy at infinity” [4]. The corresponding
Killing vector in the ergosphere is spacelike.
In a rotating reference frame, the energy of particles beyond the static limit can also be
negative. As previously shown in [3], such particles cannot get inside the static limit, for
instance, to the rotating Earth. Is it possible to obtain additional energy inside the static
limit of a rotating reference frame during the decay of a body into two fragments?
In [3], we considered the case where the energy gain was obvious, but it disappeared in
the particular experiment of measuring in the center of the rotating frame because of the
necessity to change the particle parameters (decay fragments) for them to hit the point of
measurement. Here, we consider an example where the Penrose effect in a rotating frame
turns out to be observable.
Let a particle of mass m and energy E ′ move on the plane (XOY ) in a stationary
Cartesian frame from infinity to a point B with the Cartesian coordinates (xB, 0, 0), and
have some (negative) momentum projections px and py. Let the moving particle decay
into two particles of equal mass at the point B: the first flies to the origin with the
momentum px, and the second moves vertically downward with the momentum py, as
shown in Fig.2. From the energy-momentum conservation law, we obtain the values of
Figure 2: Particle decay with an energy increase in a rotating reference frame.
mass of the fragments
µ =
√
m4c4 − 4p2xp
2
y
2E ′
(16)
and their energies in the stationary inertial reference frame
E ′1 =
m2c4 + 2(pxc)
2
2E ′
, E ′2 =
m2c4 + 2(pyc)
2
2E ′
. (17)
The energy of the original particle in the rotating frame is
E = E ′ + ΩLz = E
′ + Ω(xpy − ypx) = c
√
m2c2 + p2x + p
2
y + ΩxBpy,
9and the energy of the first fragment is E1 = E
′
1.
The energy difference between the first fragment and the original particle in the rotating
frame is
E1 −E = xBΩ|py| −
m2c4 + 2(pyc)
2
2E ′
= −E2. (18)
Obviously, for a sufficiently large xB, this quantity is positive (the energy of the second
fragment is correspondingly negative), and we thus obtain an energy gain similar to the
Penrose process in rotating black holes. The energy of the first fragment flying to the
region inside the static limit, where the laboratory can be located and the energy in the
rotating frame can be measured, is greater than the energy of the original particle.
The energy excess can obviously be as large as desired with a choice of large xB. But
the first particle energy value E1 itself cannot exceed the value E
′ (see formula (17)).
Therefore, in a rotating reference frame, an unlimited energy gain of the fragment and
original particle occurs as a result of the negative energy of the original particle. And it
cannot reach the static limit.
In the case of zero energy of the original particle, its momentum projections are related
by the condition
py = −
√
m2c4 + p2xc
2
Ω2x2B − c
2
.
In this case, the energy gain is
E1 − E
E ′
=
m2c2 + 2p2x
2(m2c2 + p2x)
(
1−
c2
x2BΩ
2
)
.
This quantity is always less than unity but can be close to it for sufficiently large |px|. The
energy of the second fragment in the rotating frame is −E1, which can be easily verified.
Hence, the particle flying from spatial infinity with zero energy and decaying outside the
static limit gives two fragments of which one has positive energy in the rotating frame and
can be observed inside the static limit and even at the rotation axis.
In the case py/px < c/(ΩxB), the trajectory of the original particle could pass inside
the static limit (if decay does not occur). In this case, the gain in the fragment energy in
the rotating frame can be measured by directly comparing the fragment energy and the
energy of the particle that is analogous to the original particle but reaches the static limit
without decaying. Let py = αpxc/(ΩxB). We assume that |px| ≫ mc and α ≪ 1. The
energy gain of the original particle and the fragment flying to the origin is then (according
to formula (18), a quantity close to αcpx. The quantity αc corresponds to the rotation
velocity of the reference frame at such a target distance from the rotation axis where
the trajectory of the original particle in the stationary frame passes. Therefore, the energy
increase in this case corresponds to the value of the Doppler shift when the observer recedes
from the radiation source with the velocity αc.
In the case of the Penrose effect for rotating black holes, there are constraints on the
value of the relative velocity of the fragments [14, 21]. We therefore consider the question
of the relative velocity of the fragments in the presented example for the Penrose effect
in a rotating reference frame. The relative velocity vrel for two particles with nonzero
10
rest masses at the moment of the original particle decay can be found by passing to the
reference frame related to one of these particles. Hence, in the frame related to the first
particle, the components of the 4-velocity of particles u(n), n = 1, 2, are
ui(1) = (1, 0, 0, 0), u
i
(2) =
(
1,
vrel
c
)
√
1−
v2rel
c2
.
Therefore,
ui(1)u(2)i = 1
/√
1−
v2rel
c2
, vrel = c
√
1− (ui(1)u(2)i)
−2.
The last expression is independent of the choice of the reference frame because the product
ui(1)u(2)i is invariant. Using expressions (16) and (17) in the considered case, we obtain
vrel
c
=
√
1− 4
µ2
m2
1− 2
µ2
m2
=
√
m2c4
E ′1E
′
2
(
1−
m2c4
4E ′1E
′
2
)
.
Because µ ≤ m/2, we have 0 ≤ vrel/c ≤ 1. In this case, if µ = 0, then vrel/c = 1 and if
µ = m/2, then vrel/c = 0,which is possible only if px = py = 0. The smaller the value of
the fragment masses µ, the larger the relative velocity is.
To realize the considered Penrose process, the condition E2 < 0 must be satisfied, which
by virtue of (15) near the static limit leads to the velocity of the second fragment v2 → c,
and consequently to the value of the relative velocity vrel → c. Therefore, to realize the
Penrose effect for decay near the static limit, the relative velocities of fragments must be
near the speed of light.
If the decay is far from the static limit, xB ≫ c/Ω, then to obtain the restrictions for
the relative velocity of the fragments in the case E2 < 0, we use the inequality for the
possible values of py at the given E
′ following from equality (18):
−E ′
xBΩ
c
−
√(
E ′
xBΩ
c
)2
− 2m2c4 ≤ 2cpy ≤ −E
′
xBΩ
c
+
√(
E ′
xBΩ
c
)2
− 2m2c4.
Hence,
py ≤ −
m2c4
2E ′xBΩ
.
The minimum value of the relative velocity is reached for py = −mc
2/(2ΩxB), px = 0
and is equal to c/ΩxB. Therefore, for the relative velocity of the fragment in the Penrose
process during decay far from the static limit, we have the inequality
vrel
c
≥
c
ΩxB
. (19)
Inequality (19) shows which decay processes in the inertial reference frame can be treated
in terms of the Penrose effect in a rotating reference frame.
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5. Conclusion
In a uniformly rotating reference frame, there is a surface beyond which no body can
stay at rest in this frame. By analogy with a rotating black hole, we call this surface
the static limit. Beyond this surface, there are states with negative energy defined in the
rotating frame. If a particle decays beyond the static limit, then the energy of a fragment
that comes inside the static limit and is registered by an observer can be greater than the
energy of the original decaying particle. This phenomenon is analogous to the Penrose
effect for rotating black holes.
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